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Abstract 

We consider a family of nonlinear stochastic heat equations of the 
form dtu = Cu + a{u)W , where W denotes space-time wliite noise, C the 
generator of a symmetric Levy process on R, and a is Lipschitz continuous 
and zero at 0. We show that this stochastic PDE has a random-field 
solution for every finite initial measure uo. Tight a priori bounds on the 
moments of the solution are also obtained. 

In the particular case that £/ = c/" for some c > 0, we prove that 
if Uo is a finite measure of compact support, then the solution is with 
probability one a bounded function for all times t > 0. 

Keywords: The stochastic heat equation, singular initial data. 
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1 Introduction 

Consider the stochastic heat equation 
d K d"^ 

Q-^Mx) = ^^"t(^) + ^ (Mx)) Wtix), (1.1) 

where cr : R — > R is a Lipschitz function that satisfies 

a(0)=0, (1.2) 

W denotes space-time white noise. The constant x/2 is a viscosity constant, 
and is assumed to be strictly positive throughtout. It is well known that (1.1) 
has a random-field solution if, for example, uq is a bounded and measurable 
function. 
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Now suppose that mq : R — >■ R+ is in fact bounded uniformly away from zero, 
as well as infinity. We have shown recently [11] that x Ut{x) is a.s. unbounded 
for all i > under various conditions on a. In particular, if (j{x) = cx for a 
constant c > — this is the so called parabolic Anderson model [8] — then our 
results [11] implies that with probability one, 

0<limsupi^i^4S- <°«- (1-3) 
(log|x|)V3 ^ ' 

For instance, (1.3) holds for the parabolic Anderson model in the physically- 
relevant case that uo{x) = 1. Another physically-relevant case is when uq = Sq 
is point mass at and we continue to consider the parabolic Anderson model; 
this case arises in the study of directed random polymers (see Kardar [20]). 
G. Ben Arous, I. Corwin and J. Quastel have independently asked us whether 
(1.3) continues to hold in that case (private communications). One of the goals 
of the present articles is to prove that the answer to this question is "no." In 
fact, we have the following much more general fact, which is a corollary to the 
development of this paper. 

Theorem 1.1. If a(0) ~ and uq is a finite measure of compact support, then 
sup^gj^ wt(a;) — sup^gj^ l^t(a;)| < oo a.s. for all t > 0. 



2 Some background material 

We begin by recalling some well-known facts; also, we use this opportunity to 
set forth some notation that will be used consistently in the sequel. 



2.1 White noise 

Throughout let W := {Wt{x)}t^o,x£ii denote a two-parameter Brownian sheet 
indexed by R+ x R; that is, is a two-parameter mean-zero Gaussian process 
with covariance 

Gov {Wtix) , Ws{y)) = min(s , t) mm{\x\ , |y|)l(o,oo) (a^y), (2.1) 

for all s,t ^ and x,y £ R. The space-time mixed derivative of Wt{x) is 
denoted by Wt{x) := d^Wt{x) / {dt dx) and called space-time white noise. Space- 
time white noise is a generalized Gaussian random field with mean zero and 
covariance measure 

E \Wtix)WM] = doit - s)Soix - V). (2.2) 



2.2 Levy processes 

Let X := {Xt}t^o denote a symmetric Levy process on R. That is, t Xt 
is [almost surely] a right-continuous random function with left limits at every 
t > whose increments are independent, identically distributed and symmetric. 
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It is well known that X is a strong Markov process; see Jacob [19] for this 
and all of the analytic theory of Levy processes that we will require here and 
throughout. Wc denote the infinitesimal generator of X by £. According to 
the Levy-Khintchine formula, the law of the process X is characterized by its 
characteristic exponent; that is a function : R — >■ C that is determined via the 
identity E exp(i^ ■ Xt) = exp(— valid for alH > and ^ € R. Elementary 
arguments show that, because X is assumed to be symmetric, the characteristic 
exponent is a nonnegative — in particular real valued — symmetric function. 
For reasons that will become apparent later on, we will be interested only in 
Levy processes that satisfy the following: 

(,-**(«) < oo for all t > 0. (2.3) 

In such a case, the inversion formula for Fourier transforms applies and tells us 
that X has transition densities pt (x) that can be defined by 

Pt{x) — / c-"-«-**(«' dC (t > , X- e R). (2.4) 

Note that the function {t^x) i~> pt{x) is continuous uniformly on (77,00) x R 
for every 77 > 0. 

Let us note two important consequences of the preceding formula for tran- 
sition densities: 

1. pt{x) ^ Pt(0) for alH > and x e R; and 

2. t Pt(0) is nonincrcasing. 

We will appeal to the these properties without further mention. 

Throughout we assume also that the transition densities of the Levy process 
X satisfy the following regularity condition: 



6 := sup 



ft/2(0) 



< 00. (2.5) 



Because Pt(0) ^ Pt[x) and ^^^pt{x) dx = 1, it follows Pt(0) > and hence 
Q is well defined [though it could in principle be infinity when X is a general 
symmetric Levy process] . 

Let us mention one example very quickly before we move on. 

Example 2.1. Let X denote a one-dimensional standard Brownian motion. 
Then, X is a symmetric Levy process with transition densities given by pt{x) := 
(27rt)~^/^ exp{— a;^/(2t)} for t > and x e R. In this case, we may note also 
that Cf ^ (1/2)/", *(0 = IICIIV2, and 6 = ^2. □ 
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3 The Main result 



Our main goal is to study the nonlinear stochastic heat equation 



— M((a;) = {Cut){x) + a{ut{x))Wt{x) for t > 0, a; G R, 



(3.1) 



where: 



1. £ is the generator of our symmetric Levy process {Xt}t^o; 

2. (7 : R — > R is Lipschitz continuous with Lipschitz constant Lip^.; and 

3. (t(0) = 0. 

As regards the initial data, we will assume here and throughout that 



The best-studied special case of the random heat equation (3.1) is when 
£/ = ff" is a constant multiple of the Laplacian. In that case, Equation (3.1) 
arises for several reasons that include its connections to the stochastic Burger's 
equation (see Gyongy and Nualart [18]), the parabolic Anderson model (see 
Carmona and Molchanov [8]) and the KPZ equation (see Kardar, Parisi and 
Zhang [21]). 

One can think of the solution Ut{x) to (3.1) as the expected density of par- 
ticles, at place a; S R and time t > 0, for a system of interacting branching 
random walks in continuous time: The particles move as independent Levy pro- 
cesses on R; and the particles move through an independent external random 
environment that is space-time white noise W. The mutual interactions of the 
particles occur through a possibly-nonlinear birthing mechanism a. The spe- 
cial case £/ = uf" deals with the case that the mentioned particles move as 
independent Brownian motions. 

The most special example of (3.1) is when (t{x) = 0; that is the linear heat 
[Kolmogrov] equation for C, whose [weak] solution is Ut{x) = (pt * uo){x). It is 
a simple exercise in Fourier analysis that when <7{x) = 0, the solution to (3.1) 
exists, is unique, and is a bounded function for all time t > 0. Indeed, 



{pt *uo){x)= / pt{y - x)uo{dy) ^ ptiO) / uo(dj/) = (O)ito(R) < oo. (3.3) 



Hence, sup^(pt * uo){x) ^ pi(0)wo(R) < oo, as was asserted. 

Consider the case where the characteristic exponent ^' of our Levy process 
X satisfies the following condition: For some [hence all] /3 > 0, 



It is well known that if, in addition, uq is a bounded and measurable function, 
then (3.1) has a solution that is a.s. unique among all possible "natural" candi- 
dates. This statement follows easily from the theory of Dalang [12], for instance. 



uq is a nonrandom, finite Borel measure on R. 



(3.2) 






(3.4) 
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Moreover, Dalang's theory shows also that (3.4) is necessary as well as sufficient 
for the existence of a random-field solution to (3.1) when a is a constant func- 
tion. This is why wc assume (3.4) per force. The technical condition (2.3) in 
fact follows as a consequence of (3.4); see Foondun et al. [17, Lemma 8.1]. 
Dalang's method proves also the following without any extra effort: 

Theorem 3.1 (Dalang [12]). Suppose uq is a random field, independent of the 
white noise W, such that sup^.^^^ E(|uo(.'J;)|'°) < oo for some k £ [2,oo). Then 
(3.1) has a mild solution {ut(a:)}t>o,2-eR ^^^^ solves the random integral equation 



ut{x) = {pt * uo){x) + pt-s{y - x)(T{usiy))W{dsdy). (3.5) 

J(0,t)xR 

Furthermore, {ut{x)}t:>o,xi£'R is a. s. -unique in the class of all predictable random 
fields {wt(x)}t>o,2;eR that satisfy: 

sup supE(|wt(a;)|'') < oo forallT>0. (3.6) 

tG(0,T) xeR 

Finally, the random field (t ,x) i-^ Ut{x) is continuous in probability. 

We will not describe the proof, since all of the requisite ideas arc already 
in the paper [12]. However, wc mention that the reference to "predictable" as- 
sumes tacitly that the Brownian filtration of Walsh [25] has been augmented 
with the sigma-algebra generated by the random field {uq[x)}x^'r.- The men- 
tioned stochastic integrals are also as defined in [25]. We will need the following 
variation of a theorem of Foondun and Khoshnevisan [16] also: 

Theorem 3.2 (Foondun and Khoshnevisan [16]). Suppose uq is a random field, 
independent of the white noise W , such that sup^.^^^ E(|uo(x)|*'') < oo for every 
k £ [2,oo). Then the mild solution {ut{x)}t>o,x^Y{. to (3.1) satisfies the follow- 
ing: For all e > there exists a finite and positive constant such that for all 
t > and fc G [2 , oo), 

supE(|7.t(x)|'^-)<Cyi+^)-^W*, (3.7) 
xeR 

where j{k) is defined by: 

l{k) inf |/3 > : T(2/3/fc) < • (3-8) 

Once again, we omit the proof, since it follows closely the ideas of the paper 
[16] without making novel alterations. 

The existence and uniqueness of the solution to (3.1) under a measure- valued 
initial condition has been studied earlier in various papers. For example, Bertini 
and Cancrini [3] obtain moment formulas for the parabolic Anderson model [that 
is, (t(x) = cx] in the special case that Cf = (^/2)/"and uq ~ 6q is the Dirac 
point mass at zero. They also give sense to what a "solution" might mean. 
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Among many other things, a paper by Mueher [23] and also a recent work of 
Chen and Dalang [9] imply the fact that the Bertini-Cancrini solution can be 
arrived at by more direct methods akin to those of Walsh [25] . Weak solutions to 
the fuUy-nonlincar equation (3.1) have been studied in Conus and Khoshncvisan 
[10] as well. 

We are now ready to state one of the main results of this paper. 

Theorem 3.3. If O < oo, then (3.1) has a mild solution u that satisfies the 
following for all real numbers x e R, e,t > 0, and k G [2,oo).' There exists 
a positive and finite constant :— Ce{&) — depending only on e and Q — such 
that 

E {\ut{xt) ^ C^ti+^'^e^)* {1 + ptmPt * no){x)f'^ , (3.9) 

where 

1 

4fcLip^ . 

Moreover, the solution is a.s. unique among all predictable random fields v that 
solve (3.1) and satisfy 



-f{k) := inf <{ ^ > : T(2/3/fc) < 77^-^ } . (3.10) 



sup sup 

t>0 xGR 



3(i+e)7(2)t{ivpt(0)(pt*uo)(a;)} 



< 00 for some e > 0. (3.11) 



From this we shall see that, in the particular case where £ is a multiple of 
the Laplacian, the solution remains bounded for every finite time i > 0, as long 
as the finite initial measure uq has compact support. This verifies Theorem 1.1. 



4 An example 

Consider (3.1) where C = — >?(— A)"/^ is the fractional Laplacian of index a € 
(0,2], where xr > is a viscosity parameter. The operator C is the generator 
of a symmetric stable-a Levy process with Vl/(^) oc >f|^|", where the constant 
of proportionality does not depend on (>£',^). It is possible to check directly 
that T(l) < 00 if and only if a > 1. Let us restrict attention to the case that 
a & (1,2], and recall that we consider only the case that uq is a finite measure. 
A computation shows that T(/3) oc x' 

-i/ap-{a-i)/a uniformly for all /3 > 0. 
Moreover, pt{x) is a fundamental solution of the heat equation for C, and Q = 
2^/" since ptiO) oc (>rf)^^/" uniformly for all t > 0. Theorem 3.3 then tells us 
that (3.1) has a unique mild solution which satisfies the following for all real 
numbers t > and fc G [2 , 00): 

sup E {\u,{xr) ^ (1 + i^r'f'^ exp i^C2 j , (4.1) 

where Ci and C2 arc positive and finite constants that do not depend on 
(f,fc,>f). In other words, the large-i behavior of the fcth moment of the so- 
lution is, as in [16], the same as it would be had uq been a bounded measurable 
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function; that is, 

limsup - log sup ||wt(x)||fc ^ const ■ {k" / >c)^^''"~^K (4.2) 

t->oo t xeR 

However, we also observe the small-t estimate, 

limsup t^/" sup \\ut{x)\\k ^ const • k^^/", (4.3) 

which is a new property. Moreover, the preceding estimate is tight. Indeed, it 
is not hard to see that 

\\uf{x)\\k ^ \\ut{^)h ^ (Pt * ua){x). (4.4) 
Therefore, in the case that uq is a positive definite finite measure, 

sup \\ut{x)\\k > {pt * uoM = — / e— MOd^ (4.5) 

The second inequality follows from applying Parseval's identity to {pt+e *uq){x) 
and then letting e | using Fatou's lemma. Another application of Fatou's 
lemma then shows that 

liminf t^/" sup \\utix)\\k ^ const • x'^/", (4.6) 

tJ-O xeR 

as long as uq is a positive-definite finite measure such that lim ||^|| uo{z) > 0; 
that is, the conclusion of the Riemann-Lebesgue lemma does not apply to uq- 
Thus, (4.3) is tight, as was claimed. There are many examples of such measure 
Uq. For instance, we can choose Uq = aS^ + where a > and fi is any given 
positive-definite finite Borel measure on R. 



5 Preliminaries 
5.1 Some inequalities 

We recall from Foondun and Khoshnevsian [16] that 

This is merely a consequence of Plancherel's theorem. Because X is symmetric 
we can describe T in terms of the resolvent oi X. To this end define 

/•OO 

T(/3) / e-'3*p,(0)di. (5.2) 

JO 
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This is the resolvent density, at zero, of the Levy process X. Because of sym- 
metry, 

lbt|li2(R) = (ft*Pt)(0)=P2t(0). (5.3) 

Therefore, 

T(/3) = iT(/3/2). (5.4) 

In particular, Dalang's condition ([12, (26), thm. 2]) T(l) < oo is equivalent to 
the condition that T(/3) < oo for some, hence all, (3 > 0. 

We close this subsection with some convolution estimates. 

Lemma 5.1. For all t > 0, 

PtiO)- I p.(0)dr^ / pt_,(0)p,(0)dss;2e-pt(0)- / p,(0)dr. (5.5) 



As it turns out, the preceding simple-looking result is the key to our analysis 
of existence and uniqueness, because it tells us that 

* Pt-s(0)ps(0) , „ , I „ 

as — > as 1 1 0, (5.6) 



Pt(0) 



at sharp rate pr (0) dr 



Proof. The first inequality holds simply because Ps (0) ^ pt (0) for all s € (0 , t) . 
For the second one, we split /j^'pt_s(0)ps(0) ds into two parts: /p^^ and j^^^. 
Note that pt_s(0) < ]3t/2(0) 6394(0) when s e (0,t/2); and ps[0) ^ Pt/2(0) ^ 
0pt(O) when s E {t/2 ,t). The lemma follows from these observations. □ 

Let ® denote space-time convolution; that is, 

if®9)t{x):^ f ds f dy ft-s{x~y)gs{y), (5.7) 

whenever /, g : (0 , 00) x R ^ R_|_ are both measurable. 
Lemma 5.2. For all t > 0, x £ R, and 1, 

P^ ® ■ ■ ■ ® p\\ {x) s;: { 20 [ psiO) ds) ■ptiO)pt{x). (5.8) 







Proof. The result holds trivially when n = 1. Let us suppose that (5.8) is vahd 
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for n = m; we prove that (5.8) is valid also for n = m + 1. Note that 



r^^i (D • • • ® (x) 



rn + 1 times / ^ 
t poo I 

ds dy \ p'^ ® ■ ■ ■ mp"^ \{y) pI{x ~y) (5.9) 







m times / t — s 
t / /.t-s \ ™-l 

2/ 



^ ds[2e p.(0)dr pt_,(0) / dypt_,(2/)pf(x-y) 
s$ 29 / p.(0)dr / d5pt_,,(0) / dypt-s{y)pl{x-y). 

\ Jo / Jo J-oo 

Since p1{x ~ y) ^ Ps{0)ps{x — y), the Chapman-Kolmogorov equation implies 
that 



/■t \ '"-1 

J pr{0)drj ■ J pt-s{0)ps{0)ds-pt{x), (5.10) 



T„,+i ^ ( 29 



and the result follows from this, Lemma 5.1, and induction. □ 
Lemma 5.3. For all t > 0, x E R, and n ^ 1, 

p^ ® ■■■ ®p'^ \ ® (p. * -uo)^ (x) 

n times / / f (5.11) 

< uo(R) (20 ps{0) ds^ ■ pt{0){pt * uo){x). 

Proof. For every nonnegative function /, (5.7) and Lemma 5.2 together imply 
that 



® ■ ■ ■ ®p^ \ ® f \ (x) 

P^ I {y)h~s{x-y) 



n 


times 


ds 


/ dy 




Jr 


ds 


(20 



n times 

n-1 



Tl-1 



(5.12) 



R 



< (^29 ^ pr{0) dr^ ^ ds PsiOKPs * /t-.)(x). 
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We set ft{x) := pt{0){pt*uo){x) and appeal the Chapman-Kolmogorov property 
[ps * Pt-s = Pt] ill order to obtain the following: 



p ® ■ ■ ■ ® p I ® (p. * uo)^ I (x) 

Ti times / / i 



n times / / j 

,(0)pt_,(0)d.s-(pt*wo)(a;). 



^wo(R) (^29^ Pr(0)dr^ ^ 



An application of Lemma 5.1 completes the proof. □ 



6 Finite-horizon estimates 



We first define a sequence {u^"''}„gN of random fields by: uf\x) := for all 
t > and X E H. Then, for every n ^ 0, we set 



,("+!)/ 



'ix):=ipt*uo){x)+ I pt-siy-x)aiui''^)Widsdy). (6.1) 

J(0,t)xR 

Thus, u'"' denotes simply the nth stage of a Picard iteration approximation to 
a reasonable candidate for a solution to (3.1). 

Proposition 6.1 below will show that the random variables {M|"^(a;)}„gN are 
well-defined with values in L'"'(P), for a; G R and all times t that are "reasonably 
small." 

For each a > 0, let 



5(a) := inf <j t > : J Pr{0)dr^a 



(6.2) 



where inf := oo. Clearly, g(a) > when a > 0. 

Proposition 6.1. For all integers n ^ 0, real numbers fc G [2 , oo) and a; S R, 

1 V k^^^Up^ V"o(R)pt(0)(pt*uo)(a;), (6.3) 



(n+l) 



ix) 



^ 4 



/orO<< <0((32e[lVfcLip2])~i) 
Proof. Define 



^^[-^''\x) := ul-\x) 



(6.4) 



10 



Clearly, ^if'^^ {x) = 0. Then, we have 



J{0,t)xll ^ ' 



(6.5) 



1/2 



1/2 



1/2 



Notice, that (3.3) implies that \{pt * ■tio)(x)p ^ ■tio(R)pt(0)(pt * uo)(x). Now, 
define Ck := 8(1 V fcLip^), and note that 

^Jit'^^'^\x) < 2\{pt * u^){x)\' + 8fcLip2 . (p2 ^(".^))^ (^) 



|(p,*?.o)(a;)P + (p'®M^"''=))^(a 



(6.6) 



// 



J=0 



® • • • ® 



(p. * mq)^ (a;). 



\ \ J times / 



We apply Lemma 5.3 to find that 



(n+l,fc), 



) < CfeHo(R)pt(0)(pt * u^){x) ■ V f2Cfce • / p,,(0)d 

,=0 V ^0 



(6.7) 



^2CfcUo(R)pt(0)(pt*uo)(a;), 
provided that t ^ 0((4Cfe8)^^). This is another way to state the lemma. □ 

Proposition 6.2. If < t ^ g((16fc8Lip^)~-'^), then for all integers and 
for all a; e R, 



u'i''+'\x) - u[''\x)\\^ ^ 2-"7.o(R)pt(0)(pt * uo)ix) 



(6.8) 



Proof. Define for all n ^ 0, t > 0, and x € R, 



Di-^'''\x) E ( wr^'ix) - ur{xr ) ' = ii-r ^^(-) - (6.9) 



,("+!)/ 



2/fc 



,(«+!)/ 
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Clearly, 

^ AkUvl ■ ds dy ptsiy - x)Dt''^ (y) 
Ja J-oc 



sC • • • sC (4fcLip^)" . f®-y®p^ ®D^^'''^ (x). (6.10) 

\ n times / f 

Note that for all A; G [2, oo), 

Di'-''\y) = \{p,*uo){y)\'. (6.11) 
Therefore, in accord with Lemma 5.3, 

I?("+^''='(x) ^ (^SkLiple J\r{0)dr^ pt{0){pt*uo){x), (6.12) 

and the result follows. □ 

7 Proof of Theorem 3.3 

We prove Theorem 3.3 in two parts: First we show that there exists a solution 
up to time T :— g((640[l V Lip^])^^). From there on, it is easy to produce an 
all-time solution, starting from time t = T. 

Let {m^"^}5JLo be the described Picard iterates defined in (6.1). Since 

O<T^0((32eLip2)-'), (7.1) 

Proposition 6.2 implies that the sequence of random variables {u["'\x)}ne'yi 
converge in L^(il) for every < t ^1 and x £ 

Define Ut{x) := lim„_j.oo w|"''(a::), where the limit is taken in L^(f2). By 
default, {Ut{x)] a; G R, t G (0,1]} is a predictable random field such that 

lim E ( u|"^(a;) -Ut{x)]=Q for aU x G R, (7.2) 

provided that t G (0 , Tfc], where Tfc := q (^(32fce [l V Lip^] ) . (Notice that 
T2 = T.) Moreover, Proposition 6.1 tells us that 

\\Ut{x)\\^ < 4fcV= [1 V Lip J ^ua{K)ptmPt*uo){x), (7.3) 



^As is customary, f7 denotes the underlying sample space on which random variables are 
defined, and L^{Q,) denotes the collection of all random vaiables on f2 that have two finite 
moments. 
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for all a; <E R and t <E (0 , Ik] ■ Finally, these remarks readily imply that 



Utix) = (pt * uo)ix) + pt-siy-x)aiUsiy))Widsdy), (7.4) 

J(0,t)xR 

for all .T G R and t £ (0,1]. In other words, [/ is a mild solution to (3.1) up to 
the nonrandom time T. 

Next we define a space-time white noise W by defining its Wiener integrals 
as follows: For aU h G L^(R_|- x R), 



/i,(y)W(dsdy) / (y) VF(ds dy). (7.5) 

R+xR J(2:,oo)xR 

In other words, W is obtained from W by shifting the time T steps. Induction 
reveals that every {ul"\x); a; S R, t G (0,1]} is independent of the space-time 
white noise W. Therefore, so is the short-time solution {Ut{x); x G H, t G 
(0,1]}. 

Next let V :~ { Vt(a;)}xeR,t>o denote the mild solution to the stochastic heat 
equation 

^Vt{x) = iCVt){x) + aiVtix))mix), (7.6) 

subject to Vo{x) = U%{x). Since U% is independent of the noise VV, the preceding 
has a unique solution, thanks to Dalang's theorem (Theorem 3.1). And since 
suPa;gR ||t/i(a;)i|2 < oo for all e > 0, there exists £ (0 , oo) such that for all 
t > 0, and X eH, 

E(|yt(x)p) s^Z?,Vi+')^(2)t^ (7 7) 

thanks to Theorem 3.2. Finally, we define for all a; G R, 

\^Vt-i[x) iit>1. 

Then it is easy to see that the random field u is predictable, and is a mild 
solution to (3.1) for all t > 0, subject to initial measure being uq. Uniqueness 
is a standard consequence of (3.9). 

Let us now consider k > 2 and follow the same argument as above, but use 
Ife instead of 1; i.e., we run the solution U up to time Ifc only and then keep 
going with the classical technique of Dalang. Then, a similar argument leads 
us to a moment estimate of order k for Ut{x), thanks to another application of 
Theorem 3.2. The solution obtained from 1^ is the same as the one obtained 
when stopping at 1 by the uniqueness result. □ 

We pause to state an immediate corollary of the proof of Theorem 3.3, as 
it might be of some independent interest. In words, the following shows that if 
a has truly-linear growth and < oo, then the solution to (3.1) has nontrivial 
moment Liapounov exponents. 
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Corollary 7.1. Suppose Q < oo, Lcr := infa;gR, |(T(.T)/a:| > 0, and uq is a finite 
Borel measure on R. Then, 

< limsup - logE [\ut{x)\^) < oo, (7.9) 

for all fc G [2 , cio). 

Proof. Let {Vt {x)}t>o^x£R denote the post-Tfe process used in the proof of The- 
orem 3.3. It suffices to prove that 

< limsup ilogE(|yt(.T)|'=) <oo, (7.10) 

for all fc G [2 , oo). This follows from [16]. □ 

The proof of Theorem 3.3 is based on the idea that one can solve (3.1) up 
to time T, using the method of the present paper; and then from time 'X on we 
paste the more usual solution, shifted by time T time steps, in order to obtain 
a global solution to (3.1). But in fact since the pre-'X and the post-X solutions 
are unique [a.s.], we could replace X by any other time r] (not necessarily one 
of the Xfc) before it as well. The following merely enunciates these observations 
in the form of a proposition. The proof follows from the fact that the sequence 
Xfc goes to as fc increases. We omit the details. However, we state this simple 
result explicitly, as it will be central to our proof of Theorem 1.1. 

Proposition 7.2. Choose and fix some rj G (0,X), and let us define the pre- 
dictable random field {Vt{x)}t>o,xG'R exactly as we defined {Vt{x)}tyo.xG'Rj 
cept with X replaced everywhere by rj. Finally define Ut{x) as we did ut{x), 
except we replace {U,V,T) by (17, F, 77); that is, 

(7.11) 

[Vt-^(x) ift>ri. 
Then, the random field u is a modification of the random field u. 



8 Stability and positivity 



Let u denote the solution to (3.1), as defined in Theorem 3.3, starting from a 
finite Borel measure uq. We have seen that [pt * uq){x) is finite for all t > and 
a; G R fixed. Also, for e > 0, let [/'■'^•' denote the solution to (3.1), starting from 
the [bounded and measurable] initial function pe * uq. 

Proposition 8.1 (Stability). For every t,e> 0, ut,uj:''^ G L'^{^ x R). More- 
over, the following bound is valid for all (3 such that T(/3) ^ (2Lip^)^^; 



dx E 



u,^x)^U^^\x) 



l-e-^^(^)) 
7+2^ 



■ de 



5.1 
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In particular, the left-hand side tends to zero as e J, 0. 

Proof. Let u(^\x) be the nth Picard iterate, defined in (6.1). Then, 

2 
2 



ds 



(8.2) 



We integrate [dx] to find that 

2 



E 



(n+l) 
'■t 



^ \\pt * ^^oiii2(R) + Lipi ■ / bt-siii2(R,) • 



= lbt*"o|li2(R) +Lip^- / P2(t-s)(0)-E 

Jo 

see (5.3). Note that |uo(C)l ^ '«o(R-), whence 

^ /"OO 







1 ds 









(8.3) 



,(«) 



ds: 



lb* * ^o|li2(R) = - / e-2**(«) |^„(e)|^ dC ^ |uo(R)P • P2.(0), 



(8.4) 



thanks to Plancherel's theorem. [One can construct an ahernative proof of 
this incquahty, using the semigroup property of pt and the Young inequality.] 
Therefore, 



E 



(n+l) 



2 

L2(R) 



(«) 



^\uo(R)f ■p2t{Q)+Upl- / P2{t-s)(0)-E 

Jo 

Define, for ah predictable random fields /, the quantity 

2 

L2(R) 



(8.5) 



ds. 



JCtif) := sup 

se(o,t) 



E(||/."2 



1+P2«(0) 



in order to find that 

2 

L2(R) 



E 



(n+l) 



(8.6) 



(8.7) 



^ |«o(R)rP2t(0) + Lip2 . ICt • jy^it-sm [1 +P2.(0)] ds 

< |«o(R)P • P2t(0) + \upl ■ JC, . 



p,(0)ds+ / P2t-.(0)p.(0)ds 



< bo(R)|' • P2t(0) + iLip2 . • ^ Ps(0) ds • (1 + 2ep2t(0)) ; 
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see Lemma 5.1. Since 0^1, this leads us to the following: 

JCt s: |uo(R)|' + Lip^e • JCt (?^^"') • f^' Psi^) ds. (8.8) 

Recall T from (??). If t € (0 ,2^/2], then Jq*^ Ps{0) ds is certainly bounded above 
by (40Lip^)^^, whence we have 

since /Ct = 0. Therefore, 



t \ u 



(n) 



2|uo(R)l' 



(8.9) 



E(hJi2(R)) ^2|wo(R)|'(l+P2t(0)) foralHe (0,X/2]. (8.10) 



One proves, similarly, that uniformly for all e > 0, 

Ef||C//'^lli.(R)) «;2|i.o(R)P(l+P2t(0)) foralHe (0,X/2]. 



(8.11) 

By Proposition 7.2, the process {ut+<j/2}t^o starts from U'X/2 S L^{^1 x R) 
and solves the shifted form of (3.1), and hence is in L^(R) for all time t ^ 
2/2 by Foondun and Khoshnevisan [15, Theorem 1.1]; for earlier developments 
along similar lines see Dalang and Mueller [13]. Similar remarks also apply to 

{f/i^^(x)},eR,t>o. 
Define, 

2^ 



Since pt * {p^ * uq) = pt+t * uq, 

V't'\x) ^ \{pt*uo){x) - {pt+e*uo){x)\^ + Upl ■ [p^ ®V^'^^^{x). 
We integrate [da;] and apply the Plancherel theorem to find that 

^^o(R)]' 



(^) 



2tt 



1 - e 
t 



(8.12) 
(8.13) 

(8.14) 







Li(R-) 



ds. 



We integrate one more time [exp(— /3i) dt] in order to see that 



7(0 







dt 


Jo 




Li(R.) 



satisfies 



(e) [mo(R)] 



/3 + 2f(e) 



■ dC + Lip2 T(/3) • 5, 



(0 



(8.15) 



(8.16) 



Pick /? large enough that T(/3) ^ (2Lip^)^^ to obtain the claimed inequality of 
the proposition. And since T(/3) < oo, the final assertion about convergence to 
follows from this inequality and the dominated convergence theorem. □ 
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Proposition 8.2 (positivity) . If <j{0) = and uo(R) > 0, then ut{x) ^ a.s. 
for all t > and x € Tl. 

Proof Since uq is a finite measure, it follows that Uq\x) = {p^ * uo){x) < 
Pe{0)uo(R) < 00, uniformly in a; € R. According to Mueller's comparison 
principle, because ulf\x) ^ 0, it follows that uj:'^\x) ^ a.s. for all i > 
and a; G R. [Mueller's comparison principle [24] was proved originally in the 
case that C is proportional to the Laplacian. This comparison principle can be 
shown to hold in the more general setting of the present paper as well, though 
we admit this undertaking requires some effort when C is not proportional to 
the Laplacian.] 

In accord with Proposition 8.1, 

P {utix) ^ for almost every t > and a; G R} = 1. (8-17) 
In particular, for all 77 > 0, 

P {ut{x) ^ for almost every t ^ rj and x € R} = 1. (8.18) 
This shows that 

P {Vt{x) ^ for almost every t > and x e R} = 1, (8.19) 

where V was defined in Proposition 7.2. According to Dalang's theory (Theorem 
3.1), {t,x) i-> Vt{x) is continuous in probability. Therefore, it follows that 
Vt{x) ^ a.s. for every t > and x S R; we note the order of the quantifiers. 
Therefore, a second application of Proposition 7.2 implies the proposition. □ 



9 Proof of Theorem 1.1 

Throughout this section, we assume that 

cr(0)=0. (9.1) 

We simplify the notation somewhat by assuming, without a great loss in gener- 
ality, that 

}i=l. (9.2) 

In this way, Cf ~ (1/2)/" is the generator of standard Brownian motion, and 
{ut{x)}t>o,xe-R satisfies (3.5) with 

e-^V(2t) 

Pt{x) ■= -, TTTT for e R and < > 0. (9.3) 

The proof of Theorem 1.1 uses the theory of the present paper, but also borrows 
heavily from the method of Foondun and Khoshnevisan [15]. 
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Lemma 9.1. Suppose uq is a finite measure that is supported in [—K,K] for 
some K > 0. Then for all t > 0, k € [1 , oo) , and a; G R, 

limsup ^ logE {\utix)\'') < 0. (9.4) 

|a;|— fcxD 

Proof. This is essentially the same result as [15, Lemma 3.3]. We mention how 
to make the requisite changes to the proof of the said result in order to derive 
the present form of the lemma. 

Since ut{x) ^ a.s. (Proposition 8.2), wc obtain from (3.5) the following: 

fK -(x-yf/(2t) 

E(|u*(x)|) = (p**wo)(x)= y ^^^^^^^y^wo(dy)^ const -e--/^^*), (9.5) 

using the elementary inequality: {x — y)^ ^ (^^^/S) — K"^ , valid when \y\ ^ K . 
And because the preceding constant docs not depend on x, wc have for all 
/c S [2 , oo) and c € (0 , oo), 

Y.{\ut{xt)^c^ + {¥.{\ut{x)\^'')Y'^ ■[V{ut{x)>c}f'^ (9.6) 
< c'' + const • [^{ut[x) > c}]^/^ ; 

this follows readily from the estimate of Theorem 3.3. We emphasize that the 
"const" does not depend on {c,x). Owing to (9.5), this leads us to 



E{\u,ixt) ^ 



(9.7) 



where a € (0 , oo) does not depend on c. Therefore we may optimize over c > 
in order to obtain the inequality 

lim_sup^logE(K.(.)|^)<-^^^. (9.8) 

The lemma follows readily from this. □ 
Lemma 9.2. For all t > and k E [1 , oo), 

sup sup E J-^V . < oo. (9.9) 

Proof. It is not so easy to prove this result directly from (3.5), since the map 
s I— >■ Us{y) is singular near s = 0. Because t > is fixed in the statement of our 
lemma, we may instead apply Proposition 7.2 in order to see that our lemma 
follows from the following. 

Claim. Suppose V solves (3.1), where Vq is a random field, independent of 
the noise, and := sup^gj^ ||Vo(a::)||iy < oo for all G [2 , oo). Then for every 
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fixed t > and fc G [1 ,00), there exists a positive and finite constant K such 
that 

\\Vtix) - Vt{x')\\^, 
sup " \ _ 1, (9-10) 

x,x'eH.: F ^1 

\x — x'\^l 

We prove the Claim [i.e., (9.10)] by adapting the method of proof of [15, 
Lemma 3.4] to the present setting. 

First, we assert that for all fixed t > and fc G [1 , 00), 

\\{pt * Vo)ix) - {pt * Vb)(a;')||2fe ^ const • \x - x'l (9.11) 

where the constant is independent of x, x' . Indeed, according to the Minkowski 
inequality, 

\(pt*V^){x) - {pt^V^)(x')\\^^ 

/OO 
\%{x)\\2k \pt{y - x) - pt{v - x')\ Ay 

/OO 
\Vt{y x'\)-pt{y)\ dy. 

-oo 

We estimate the last integral by applying the fundamental theorem of calculus — 
using the fact that Pf{z) = —{z/t)pt{z) — in order to deduce (9.11). 

Next we observe that, as a consequence of (3.5), (9.11), and the BDG in- 
equality [using the Carlen-Kree bound [7] on Davis's optimal constant [14] in 
the Burkholder-Davis-Gundy inequality [4-6]], 

\\Vt{x)-Vt{x')\\^^ 
^ const • \x — x'\ 

1/2 (9.13) 

i-t roc \ '-/^ 

8k ds dy\\a{Vs{y))\\l,-\pt-s{y-x)-pt-s{y-x')f 



see [16] for details for deriving this sort of inequality. Since |fT(z)/z| ^ Lip^., we 
arc led to the bound 

\\Vt{x)-Vt{x')\\^^ 

^ const • I a; - a;' I (9.14) 
+ (8kUpl- J^dsJ dy\\Vs{y)\\lk-\pt^s{y-x)~pt-s{y-x')n . 

Theorem 3.2, applied to the present choice of £, tells us that || 1^5(2/) II2A: ^ 
exp(csfc^) for a constant c G (1 , 00) that does not depend on any of the param- 
eters except Lipg.. Therefore, there exists a finite constant C := C(Lipg.) > 1, 
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such that 
\\Vt{x)-Vtix')\ 



2k 



^ const ■\x^x'\+ Cfci/2gcfc=t ^J^ J ^p^^y ^x)~ps{y- x')f^ 



(9.15) 

1/2 



By Plaiicherel's formula, 



\Ps{y - x)~ Psiv - x')\^ dy = ^ I c ^ 

ZTT 



(9.16) 



Consequently, 



ds 

J -oo 



^ e' / e"" ds 
/o 



^ 2c* [lA^N-x^l]^ 



dy bs(y-2;) -Ps(?/-2:')l^ (9.17) 



Let I denote the latter integral. For simplicity, let us denote 5 — |.t — It 
suffices to prove that X ^ 3(5; this inequality implies (9.10) , whence the lemma. 
In order to estimate I we write it as Xi + I2 + I3, where Xi := /q^( ■ ■ ■ ) d^, 
I2 := /i'/*( • • • ) dC, and I3 J^^J^i • • • ) d^ Note that: I, ^ 6^ e d? - S^S; 
I2 ^ S^J^^^d^ = (5 - (52; and I3 2 J^g^^dS, = 2(5. Therefore, I 3(5 - 
(2/3)(52 < 3(5, as asserted. □ 



Our next result follows immediately from Lemma 9.2 and a quantitative 
form of the Kolmogorov continuity theorem. The proof is exactly the same as 
that of Ref. [15, Lemma 3.6], and is therefore omitted. 



Lemma 9.3. For all t > 0, k G [1 , 00), and e G (0 , 1), 

\ut{x) - Mt(a;')P 



sup 



sup 



< 00. 



(9.18) 



2fc 



We are ready to prove Theorem 1.1. 



Proof of Theorem 1.1. We follow carefully the arguments of Foondun and Khosh- 
nevisan [15, (3.43) and on]. 

For all j ^ 1, we may write [15, (3.43)] 

sup |w*(x)|6 < 32 (|«t(logj)|6 + (log(j + 1) - logjf , (9.19) 

log j^a:<log(j+l) 
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where 



Consequently, 



sup 

5 j^3;<x'^log(j + l) 



\ut{x) - Ut{x')\''^ 



(9.20) 



E sup |'«t(a;)| 

\logJ^a:sSlog(j+l) 



<32fE(|tit(logj)|6) + (^log 



n \ 3 



(9.21) 



According to Lemma 9.1, E(|ut(log j)|^) ^ cxp(— L'(log j)^) for a positive and 
finite constant D that does not depend on j. Lemma 9.3 tells us that E(51^) is 
bounded uniformly in j. Since log(l + ^ we therefore have 



E sup |wt(a;)| 

\logJ^a:^log(j + l) 



^ const • e' 



-Dilogj] 



(9.22) 



where "const" can be chosen independently of j. Because the preceding is 
summable [in j], it follows that sup^-^g € L^{^l), whence sup^-^g < 

oo a.s. Similarly, sup^^Q |ut(a::)| < oo a.s. This completes the proof, since we 
know that Ut{x) ^ a.s. for alH > and a; G R (Proposition 8.2), and x i->- Ut{x) 
is continuous (Lemma 9.3). □ 
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